Comments on nonlinear electrodynamics in an external magnetic field 
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We calculate the lowest-order corrections of the static potential for both the generalized Born- 
Infeld Electrodynamics and an Euler-Heisenberg-like model, in the presence of a constant external 
magnetic field. Our analysis is carried out within the framework of the gauge-invariant but path- 
dependent variables formalism. The calculation reveals a long-range correction ( / r s -type) to the 
Coulomb potential for the generalized Born-Infeld Electrodynamics. Instead, in the case of an 
Euler-Heisenberg-like model, the static potential remains Coulombian. We shall comment on this 
remarkable difference among the two models. 
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I. INTRODUCTION 



The photon-photon scattering of Quantum Electrodynamics (QED) and its physical consequences such as vacuum 
birefringence and vacuum dichroism have been the focus of great interest for many authors [H-Q]- As well-known, 
this subject has had a revival after recent results of the PVLAS collaboration [8, 9]. Although these searches have 
ultimately yielded upper limits on the photon-photon cross section, the issue remains as relevant as ever. Mention 
should be made, at this point, to alternative scenarios such as Born-Infeld theory [10| . millicharged particles or 
axion-like particles [12Hl4j in order to account for the results reported by the PVLAS collaboration. Also, the study 
of space-time noncommutativity on light propagation in a background electromagnetic field has been discussed along 
these lines fl5HT?1|. 

\ In this perspective, it should be mentioned that recently considerable attention has been paid to the study of 
non-linear electrodynamics (Born-Infeld theory) due to its natural emergence from D-brane physics [l8l . [l9| . In 
addition to the string interest, Born-Infeld theory has also generated a great deal of from different viewpoints. For 
^| . example, in connection with duality symmetry [2fjl - |22j |; also, in magnetic monopoles studies [23j . by analyzing the 
t-h ' equivalence/nonequivalence between the ^-expanded version of the noncommutative E/(l) gauge theory and the Born- 
OS , Infold action up to order F 3 [24], and in showing the equivalence between a (2 + l)-dimensional topologically massive 
Born-Infeld theory and QED% with a Thirring interaction term among fermions, in the short-distance regime [2oT |. 
More recently, it has been used to investigate the electric and magnetostatic helds generated by a pointlike electric 
charge at rest in an inertial frame, showing a rich internal structure for the charge [261 ] . 

We further notice that very recently a generalized Born-Infeld electrodynamics with two parameters has been 
investigated [27|, which contains to leading order an Euler-Heisenberg-like model as a particular case. It was shown 
that, for this new model, the birefringence phenomenon is present. 

Given the outgoing experiments related to this type of physics [28, 29[ , it is desirable to have some additional under- 
standing of the physical consequences presented by generalized Born-Infeld Electrodynamics. Of special interest will 
be to study the connection or equivalence between generalized Born-Infeld Electrodynamic and an Euler-Heisenberg- 
like model. The main goal of this work shall be the investigation of the consequences of including two parameters on 
the physical observables of Born-Infeld Electrodynamics. In particular, the static potential between two charges, using 
the gauge -invariant but path-dependent variables formalism, which is an alternative to the Wilson loop approach. 
More specifically, we shall calculate the lowest-order correction to the Coulomb energy of a fermion-antifermion sys- 
tem, for both an Euler-Heisenberg-like model and generalized Born-Infeld Electrodynamics, in an external magnetic 
field. As a result, we shall show that the corrections to the static potential obtained from these theories are quite 
different. This means that the two theories are not equivalent. Generalized Born-Infeld Electrodynamics has a rich 
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structure which is reflected in a long-range correction to the Coulomb potential. This correction is identical to that 
encountered in Born-Infeld theory. However, in the Euler-Heisenberg theory, the nature of the potential remains 
unchanged. Accordingly, the gauge-invariant but path-dependent variables formalism offers an alternative view in 
which some features of gauge theories become more transparent. 



II. EULER-HEISENBERG-LIKE MODEL 



Let us start off our considerations by computing the interaction energy between static point-like sources for an 
Euler-Heisenberg-like model, in an external magnetic field. To this end, we shall compute the expectation value of 
the energy operator H in the physical state |<J>), which we will denote by (H)^. The initial point of our analysis is 
the following four-dimensional space-time Lagrangian: 



C = — A F^F^ + b 2 (F^F^Y + c 2 (F^Tn , (f ) 



where \F^F pv = -\ (E 2 - B 2 ) , F pv T^ v = 4 (E • B); T is the dual of the field-strength F. While b 2 and c 2 are free 
parameters. We mention, in passing, that Eq.([T|), in the case of QED (Eulcr-Hcisenberg Lagrangian density), has the 

parameters b 2 — , 8 ° ? « and c 2 = } 4a I 1 * . Here, a is the fine structure constant, and m e is the electron mass. 

Next, after splitting F pv in the sum of a classical background, {F pv ), and a small fluctuation, f pu , the corresponding 
Lagrangian density up to quadratic terms in the fluctuations, is given by 

C = -\f» v (1 - 2b 2 v? x v p x) r + 46 2 /" A (F pX ) (F^) + c? f^ v v pX f x . (2) 

To get last equation we have simplified our notation by setting e*""*^ {F a p) = v pv and e pX ^ s (F~g) = v pX . 

As already stated, our main objective will be the calculation of the interaction energy in the v° l ^ and w u = 
case (referred to as the magnetic one in what follows). In such a case, the Lagrangian density © reads as below: 

£ = ~Uu (1 + 46V) + b 2 e pXl0 v l0 r x e m ov l0 f^ + 4c 2 f i0 v i0 f j0 v^° . (3) 

Having characterized the theory under study, we can now compute the interaction energy. To this end, we now 
carry out a Hamiltonian analysis of this theory. The canonical momenta are found to be n' 1 = (f + 46 2 w 2 ) f^ + 
8c 2 v 0)J, v fok, which produces the usual primary constraint n° = while the momenta are = DijEj. Here E{ = fio 
and Dij = flSij + 8c 2 ViQVjo, with f2 = ( 1 + 46 2 w 2 ). Since D is nonsingular, there exists its inverse, D _1 . Thus, the 
corresponding electric field takes the form 

If 8c 2 I 

E i = \ % det D ~ -FT v ioVjO > Hj, (4) 



ndetD { J n 

where det D = 1 + 8c " ; and v 2 — AB 2 . Here, B stands for the classical background magnetic field around which the 
a^-field fluctuates. 

The canonical Hamiltonian is now obtained in the usual way via a Legendre transform. While in the case when the 
electric field (E) is perpendicular to the background magnetic, the canonical Hamiltonian reads 



1 . (1 + 46V) _ b 
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H C = J fx j-^IT - ^^f ^ + ^"^B 2 - - (v • B) 2 | , (5) 

in the case for which the electric field (E) is parallel to the background magnetic, the canonical Hamiltonian turns 
out to be given by 

Ha = J fJ-a o d0 - ^ + Ii±|X) B 2 - £ (v • B) 2 } , (6) 

where x 2 = ( 2t5 ~ 1 ~ 4 |^ +2c ) v ) ; an( j § = ^1 + 8 (b 2 + 2c 2 ) v 2 + 16 [b 4 + 4c 2 {b 2 + c 2 )] v 4 . In the above, B represents 
the fluctuating magnetic field. 

From Eqs. (JSJ and ([5]), it is straightforward to see that the preservation in time of the primary constraint leads 
to the secondary constraint, Tj (x) = djl 1 = 0. But, the time stability of the secondary constraint does not induce 
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further constraints. Therefore, the extended Hamiltonian that generates translations in time then reads H = He + 
/ d 3 x (ito (x) n (x) + u% (x) Ti (x)). Here, u (x) and iti (x) are arbitrary Lagrange multipliers. It should be noted 
that <io (x) = [ao (x) ,H] = uo (x), which is an arbitrary function. Since II = always, neither a nor LT are of 
interest in describing the system and may be discarded from the theory. Thus, when the electric field is perpendicular 
to the background magnetic, the total Hamiltonian becomes 



H= d 3 x{ w(x)d i U i - ———n t W + i -B 2 - - (v ■ B) 2 . (7) 



(1 + 46V) 2 62 
2(1 + 46V)"'" ' 2 B ~T 

On the other hand, when the electric field is parallel to the magnetic background, we obtain 

h = Jd 3 x L(x)d i n i - ^irrr + H±i^!l B 2 - j (v • b) 2 | , (8) 

where we have absorbed (—do) appearing in ([5]) and ([5]) in w(x) — u\(x) — ao(x). 

In accordance with the Dirac method, we must fix the gauge. A particularly convenient gauge-fixing condition is 



T 2 {x) = j dz v a v (z) = J d\x l ai (Xx) = 0, (9) 
c £x o 

where A (0 < A < 1) is the parameter describing the spacelike straight path x l = + A (x — and ^ is a fixed point 
(reference point). There is no essential loss of generality if we restrict our considerations to = 0. The choice © 
leads to the Poincare gauge [3l|, [32j. By means of this procedure, we arrive at the only nonvanishing equal-time Dirac 
bracket for the canonical variables 

l 

{a t (x) , IF (y)}* = SjS^ (x - y) - flf / dXx^S^ (Xx - y) . (10) 



ii 



After achieving the quantization, we may now proceed to determine the interaction energy for the model under 
consideration. To do this, we will work out the expectation value of the energy operator H in the physical state |$). 
We also recall that the physical states |$) are gauge invariant (33[. In that case we consider the stringy gauge- invariant 
state 

|*) = |*( y )¥(0))=^(y)expUz J dz'a., (z) j V (0) |0) , (11) 

where |0) is the physical vacuum state and the integral is to be over the linear spacelike path starting at and ending 
at y, on a fixed time slice. Note that the strings between fermions have been introduced to have a gauge-invariant 
state |$), in other terms, this means that the fermions are now dressed by a cloud of gauge fields. 
Next, taking into account the preceding Hamiltonian analysis, we then easily verify that 

(i/) $ = (ff) + (i/)i 1) , (12) 

where (H) Q = (0| H |0). The (iT^-terms are given by 

= ($| / d 3 x |- ^ r -A_ n i rf| 1$) , (is) 



and 

(H)^ = ($\ J d^-^ILJTj|<I>). (14) 

Following an earlier procedure [30j], we see that, in the case when the electric field (E) is perpendicular to the 
background magnetic field, the potential for two opposite charges located at and y takes the form 

v= g 2 1 _ Qren 1 f , ^ 

47T (1 + 166 2 £? 2 ) L ~ 4vr V K ' 
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where |y| = L. While in the case of an E parallel to the background magnetic field, the corresponding static potential 
is given by 

y q 2 [26-l-W(b 2 +2c 2 )B 2 ] l 

An d 2 V K ' 

where S 2 = 1 + 32 (b 2 + 2c 2 ) B 2 + 256 \b A + Ac 2 (b 2 + c 2 )] £ 4 . With this, the lowest-order modification of the static 
potential may be written as 

V^-^\l-l&{b 2 + 2c 2 )B 2 }\ = -^\. (17) 
An 1 y ' 1 L An L K ' 

Accordingly, to lowest- order in B, the nature of the static potential remains unchanged. Nevertheless, the intro- 
duction of the external magnetic field induces a renormalization of the charge. 

It is worth noting here that there is an alternative but equivalent way of obtaining the results (|15p and (fT6"|) . To do 
this, we consider [3l| 

V = q(A Q (0) - A (y)) , (18) 
where the physical scalar potential is given by 

»i 



A {x u ,x)= d\x*Ei{\x), (19) 
Jo 

with i = 1,2,3. This equation follows from the vector gauge-invariant field expression [32| 

A» (x) = (x) +dj- [ dz^A^ (z)) , (20) 



where, as in Eq. (|ll[) . the line integral is along a spacelike path from the point £ to x, on a fixed slice time. It should 
be noted that the gauge-invariant variables (|2U|) commute with the sole first constraint (Gauss law), confirming that 
these fields are physical variables |33| . 

Having made these observations, we see that Gauss' law for the present theory reads 9jIT = J°, where we have 
included the external current J° to represent the presence of two opposite charges. For J° (t,x) = qS^ (x), the 
electric field then becomes 

^(TTW^' (21) 
where G (x) = is the Green's function. Using this result, the physical scalar potential, Eq. (fl"9]) . takes the form 

^W= ( H ! W) CW, (22) 
after substraction of self-energy terms. This, together with Eg. (fl"8|) . yields finally 

v = - q ibb ^ 

for a pair of point-like opposite charges q located at and L, with |L| = L. Analogously, the result (|16l) can be 
derived. It must be clear from this discussion that a correct identification of physical degrees of freedom is a key 
feature for understanding the physics hidden in gauge theories. According to this viewpoint, once that identification 
is made, the computation of the potential is carried out by means of Gauss law |34| . 

III. GENERALIZED BORN-INFELD THEORY 

We now pass to the calculation of the interaction energy between static pointlikc sources for generalized Born- Infold 
Electrodynamics in an external background magnetic field. In other words, we wish to explore the effects of including 
two parameters in the Born-Infeld theory on the nature of the potential. The corresponding theory is governed by 
the Lagrangian density [27| : 



1 2(3 2F ^ U 16/3 2 7 2 ^^^^ 



(24) 
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Now, in order to handle the square root in (|24[) . we incorporate an auxiliary field £ such that its equation of motion 
gives back the original theory [24j . This allows us to write the Lagrangian density as 



16 7 2 iV"f) 2i 



(25) 



Thus, proceeding as before, after splitting in the sum of a classical background (F^) and a small fluctuation /, 
we get the corresponding Lagrangian density up to quadratic terms in the fluctuations as 



Ap 



Xp 



2£' 



(26) 



where e^ afi (F a0 ) = and e pXlS (F lS ) 
dynamics of the quantum a M -field. 

As stated previously, we are interested in the situation with v° l ^ and 
This leads to the Lagrangian density 



The Lagrangian density expressed by (|26|) describes the effective 

(referred to as the magnetic one). 



2f 



(27) 



It is now once again straightforward to apply the gauge-invariant formalism discussed in the preceding section. For 
this purpose, we shall first carry out its Hamiltonian analysis. The canonical momenta read IL" = ^/ m0 + ^jv 0tl v ok fok- 

As we can see, there are two primary constraints IT = 0, and cj = ~ — 0. The canonical Hamiltonian corresponding 



to (H3 is 



9f 



d 3 x I U.d'a 



1 

2? 



n 2 



/3 2 



(B 2 + /3 2 ) - /3 2 



n) 



8^ 7 2 (det D) 



(28) 



Demanding that the primary constraint IT be preserved in the course of time, one obtains the secondary constraint 
Fi (x) = djl 1 = 0. Similarly, the consistency condition for the constraint uj yields no further constraints and just 
determines the field £, 



^B 2 +/3 2 



(n 2 + /? 2 



4 7 2 det D ' 



(29) 



which will be used to eliminate £. Once again, the corresponding total (first-class) Hamiltonian that generates the 
time evolution of the dynamical variables reads H = Hc + J d 2 x (uq (x) Hq (x) + U\ (x) Ti (x)), where uq (x) and u\ (x) 
are the Lagrange multiplier fields to implement the constraints. As before, neither ao(x) nor Ho(x) arc of interest in 
describing the system and may be discarded from the theory. As a result, when the electric field is perpendicular to 
the background magnetic, the total Hamiltonian becomes 



H 



d 3 x { w (x) diW + /3 2 




In the case E is parallel to the background magnetic field, the corresponding total Hamiltonian is given by 



H = J d 3 x | w (x) dilP + VB 2 




(30) 



(31) 



where w(x) = u\{x) — ao(x). 

As shown in the previous subsection, we now proceed to impose a supplementary condition on the vector potential 
such that the full set of constraints becomes second class. Therefore, we adopt the once again same gauge-fixing 
condition ©, used in the last subsection. Correspondingly, the fundamental Dirac brackets are given by (fTOj) . 

We now have all the information required to compute the potential energy for this theory. To do this, we shall 
begin by observing that Gauss' law, when the electric field is perpendicular to the background magnetic, takes the 
form 



(32) 
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For J° (i, x) = qS^ (x), the electric field follows as 

Ei(r) = -± 1 f\ (33) 

where po = %7t/3j an d r* = £r. While that, when the electric field is parallel to the background magnetic, Gauss' law 
is given by 

= = J°. (34) 



9i 1 



??/3 2 (i+ w /4 7 2 ) 

Accordingly, for J° (i,x) = gj^ 3 ^ (x), the electric field reads 



Ei (r) = -± gi f\ (35) 

47 r ^f^ 



where ok = q . ia7 = = — r j-c — , and q\ = 



Combining Eqs. (TT51) . p^|) . and (J2SJ) we can write immediately the potential for a pair of point-like opposite charges 
q located at and L, as 



4tt L V 160tt 2 /3 2 L 4 

where |L| = L. However, when the electric field is parallel to the background magnetic, the static potential reduces 
to 

V = q2 , 1 1 (i q2 1 I . err. 



Hence we see that the lowest-order modification in B of the static potential may be written as 

q 2 1 1 [ q 2 
~^^ 1 + 2ByL ^ 160^(1 + ^)^ ' ^ (38) 

It is interesting to note that this is exactly the profile obtained when the two parameters are identical (/3 = 7) 
[24| . Again, generalized Born- Infold Electrodynamics has a rich structure, reflected in a long-range correction to 
the Coulomb potential, which is not present in the Euler-Heisenberg-like model. Also, the precise strength of the 
correction would, of course, depend on the external magnetic field. Our results also show that the external magnetic 
field cannot be arbitrarily large. Actually, B ^> 7 would invalidate the description realized by the Born-Infeld action, 
for there would appear enough energy for the creation of e + e _ -pairs. So, the limit for the attainment of a potential 
and the validity of the potential of Eq. (|38)l should rule out those situations for which B>7. 



IV. FINAL REMARKS 



To conclude, we should highlight the different behaviors of the potentials associated to either models. In the 
Euler-Heisenberg case, we are actually dealing with an effective model stemming from 1-loop corrections to the 
photon-photon scattering taken in the low- frequency limit. Since it is an effective model, the energies are below a cut- 
off and we are actually studying the low-energy regime of a more complete theory. In the Born-Infeld case, the action 
takes into account higher-order terms in the frequency, so that the potential of Eq. (|38p incorporates contributions 
that, in the Euler-Heisenberg model, are truncated to keep only the i^-terms. This justifies why the two potentials 
have so different L-dependences. 
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We calculate the lowest-order corrections to the static potential for both the generalized Born- 
Infeld Electrodynamics and an Euler-Heisenberg-like model, in the presence of a constant external 
magnetic field. Our analysis is carried out within the framework of the gauge-invariant but path- 
dependent variables formalism. The calculation reveals a long-range correction ( / r s -type) to the 
Coulomb potential for the generalized Born-Infeld Electrodynamics. Interestingly enough, in the 
Euler-Heisenberg-like model, the static potential remains Coulombian. Therefore, contrary to pop- 
ular belief, the quantized truncated action and the truncated quantized action do not commute at 
all. 
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\ I. INTRODUCTION 

(N 

The photon-photon scattering of Quantum Electrodynamics (QED) and its physical consequences such as vacuum 
birefringence and vacuum dichroism have been the focus of great interest for many authors [2-0] ■ As well-known, 
, this subject has had a revival after recent results of the PVL AS collaboration [H, Q . Although these searches have 
' ultimately yielded upper limits on the photon-photon cross section, the issue remains as relevant as ever. Mention 



OS , should be made, at this point, to alternative scenarios such as Born-Infeld theory |10|, millicharged particles [ll| or 
axion-like particles (12h14 | in order to account for the results reported by the PVLAS collaboration. Also, the study 
of space-time noncommutativity on light propagation in a background electromagnetic field has been discussed along 

• • these lines 

In this perspective, it should be mentioned that recently considerable attention has been paid to the study of non- 
linear electrodynamics (Born-Infeld theory) due to its natural emergence from D-brane physics [TH, [l9[ . In addition 
to the string interest, Born-Infeld theory has also been investigated from quite different viewpoints. For example, in 
connection with duality symmetry [2JJ-|22j; also, in magnetic monopoles studies [23| and Lorentz symmetry breaking 
|24j, by analyzing the equivalence/nonequivalence between the ^-expanded version of the noncommutative U(l) gauge 
theory and the Born-Infeld action up to order F 3 (25[, and in showing the equivalence between a (2 + l)-dimensional 
topologically massive Born-Infeld theory and QED3 with a Thirring interaction term among fermions, in the short- 
distance regime |26j. More recently, it has been adopted to analize the electric and magnetostatic fields _generated by 
a pointlike electric charge at rest in an inertial frame, showing a rich internal structure for the charge [27] . 

We further notice that very recently a generalized Born-Infeld electrodynamics with two parameters has been 
investigated [28| . which contains to leading order an Euler-Heisenberg-like model as a particular case. It was shown 
that, for this new model, the birefringence phenomenon is present. At this point it is worth noticing that the expansion 
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in small parameters for generalized Born-Infeld electrodynamics is not always smooth, that is, results for generalized 
Born-Infeld electrodynamics do not always reduce to the Euler-Heisenberg-like model. At first sight this seems to be 
an unexpected result since both theories are related through an expansion in small parameters. The difference actually 
appears in the quantum theory, since the quantization of a truncated action and the truncation of the corresponding 
quantized action are not, of course, commutative operations; they yield, as we should expect, different results. We 
explicitly show that this is the case in the present work. 

Given the outgoing experiments related to this type of physics [29|, 30] , it is desirable to have some additional under- 
standing of the physical consequences presented by generalized Born-Infeld Electrodynamics. Of special interest will 
be to study the connection or equivalence between generalized Born-Infeld Electrodynamic and an Euler-Heisenberg- 
like model. The main goal of this work shall be the investigation of the consequences of including two parameters on 
the physical observables of Born-Infeld Electrodynamics. In particular, the static potential between two charges, using 
the gauge -invariant but path-dependent variables formalism, which is an alternative to the Wilson loop approach. 
More specifically, we shall calculate the lowest-order correction to the Coulomb energy of a fermion-antifermion sys- 
tem, for both an Euler-Heisenberg-like model and generalized Born-Infeld Electrodynamics, in an external magnetic 
field. As a result, we shall show that the corrections to the static potential obtained from these theories are quite 
different. This means that the two theories are not equivalent. Generalized Born-Infeld Electrodynamics has a rich 
structure which is reflected in a long-range correction to the Coulomb potential. This correction is identical to that 
encountered in Born-Infeld theory. However, in the Euler-Heisenberg theory, the nature of the potential remains 
unchanged. Accordingly, the gauge-invariant but path-dependent variables formalism offers an alternative method in 
which some features of gauge theories become more transparent. 



II. EULER-HEISENBERG-LIKE MODEL 



Let us start off our considerations by computing the interaction energy between static point-like sources for an 
Euler-Heisenberg-like model, in an external magnetic field. We stress that we shall restrict our computations to the 
lowest order. Notice, however that, if we go over to the next order, an X _4 -correction to the Coulomb potential shows 
up. To this end, we shall compute the expectation value of the energy operator H in the physical state |$), which we 
will denote by (H)^. The initial point of our analysis is the following four-dimensional space-time Lagrangian Q: 

C = --F^ v + a (F^F^f + b {F^F^f , (1) 

where \F^F^ = -\ (E 2 - B 2 ), F^T^ = 4 (E • B); T is the dual of the field-strength F. While a and b are free 
parameters. We mention, in passing, that Eq.([T|), in the case of QED (Euler-Heisenberg Lagrangian density), has the 

parameters a = ^Ji^ and b — j^^z- Here, a is the fine structure constant, and m e is the electron mass. 

Next, after splitting F^ u in the sum of a classical background, {F^ v ), and a small fluctuation, /„„, the corresponding 
Lagrangian density up to quadratic terms in the fluctuations, is given by 

C = ~\Uu (1 - 2av» x v pX ) r + 4af» x (F pX ) (F^) + bf^v pX f pX , (2) 

where f pv = d^a^ — d^a^; stands for the fluctuation in the potential. For the sake of simplicity we have set 
e » va p ^ Fa ^ = v ^ and £ p\ 7 s (F lS ) = w p\ 

As already stated, our main objective will be the calculation of the interaction energy in the v° l ^ and w y = 
case (referred to as the magnetic one in what follows). In such a case, the Lagrangian density ([2]) reads 

C = ~Uu (1 + ±av 2 ) + ae pXi0 v i0 ff% uj0 v^f^ + Abf l0 v m f jo xP° . (3) 

Having characterized the theory under study, we can now compute the interaction energy. In this vein, we now carry 
out a Hamiltonian analysis of this theory. The canonical momenta are found to be n M = (l + 4aw 2 ) f ,lQ + 8bv 0,1 v ok fok, 
which produces the usual primary constraint n° = while the other momenta are = DijEj. Here Ei = fio and 
Dij = HSij + 8bvioVjo, with f2 = (l + 4av 2 ). Since D is nonsingular, there exists its inverse, D _1 . Thus, the 
corresponding electric field takes the form 

where det D = I + ^f-, and v 2 — 4£> 2 . Here, B stands for the classical background magnetic field around which the 
a^-field fluctuates. 
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The canonical Hamiltonian is now obtained in the usual way via a Legendre transform. It then reads 



1 (1 + 4av 



2\ 



a 



h c = j | -a^rr - 2[1 + 4( ; +2b)v2] n,ir + - J (v • h)" j , (5) 

where, E and B represent, respectively, electric and magnetic fields. 

From Eq. ([3]) it is straightforward to see that the preservation in time of the primary constraint leads to 
the secondary constraint, ]?i (x) = diU 1 = 0. But, the time stability of the secondary constraint does not 
induce further constraints. Therefore, the extended Hamiltonian that generates translations in time is H = 
He + J d 3 x (uq (x) IIo (x) + u\ (x) T\ (x)). Here, uq (x) and u±(x) are arbitrary Lagrange multipliers. It should 
be noted that do (x) — [ao (x) ,H] — uq (x), which is an arbitrary function. Since n° = always, neither a nor n° 
are of interest in describing the system and may be discarded from the theory. Therefore, the Hamiltonian of Eq. ([5J 
can be cast under the form: 



B - / A {-Wftrf - 2[1 + 4( : + 2tM n,n. + fil^tf - 2 (v . „)■ 



(6) 



where we have absorbed (—ao) appearing in ([5]) in w(x) — u\(x) — ao(x). 

In accordance with the Dirac method, we must fix the gauge. A particularly convenient gauge-fixing condition is 

1 

T 2 (a:) = / dz v a v (z) = [ dXx 1 ^ (Xx) = 0, (7) 



where A (0 < A < 1) is the parameter describing the spacelike straight path x 1 = £ l + A (x — £)', and ^ is a fixed point 
(reference point). There is no essential loss of generality if we restrict our considerations to = 0. The choice ([7]) 
leads to the Poincare gauge (32l.[33|. By means of this procedure, we arrive at the only nonvanishing equal-time Dirac 
bracket for the canonical variables 

l 

{a % [x] , TP (y)}* = SjS^ (x - y) - df [ dXx j 6^ (Xx - y) . (8) 



o 

After achieving the quantization, we may now proceed to determine the interaction energy for the model under 
consideration. To do this, we will work out the expectation value of the energy operator H in the physical state |$). 
We also recall that the physical states |$) are gauge invariant [34j- In that case we consider the stringy gauge-invariant 
state 

|$) = |*(y)*(0))=^(y)exp Uq J (z) j ^ (0) |0) , (9) 

where |0) is the physical vacuum state and the integral is to be over the linear spacelike path starting at and ending 
at y, on a fixed time slice. Note that the strings between fermions have been introduced to have a gauge-invariant 
state |$), in other terms, this means that the fermions are now dressed by a cloud of gauge fields. 
Next, taking into account the preceding Hamiltonian analysis, we then easily verify that 

(ff) $ = (ff) + (i/)i 1) , (10) 



where (H) Q = (0| H |0). The (ff^-term is given by 



<«j »' = <»| / J, { - 2 1 + ^ n. } |«> , (ii) 



Following an earlier procedure [3lJ, we see that the potential for two opposite charges located at and y takes the 
form 

V= t I = _&£l (12) 

4tt [1 + 16 (a + 2b) B 2 } L 4tt V V ' 
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where |y| = L. Accordingly, the introduction of the external magnetic field induces a charge redefinition. In other 

words, q e ff stands for the charge redefined upon the incorporation of the factor [l + 16 (a + 2b) B 2 ] 

It is worth noting here that there is an alternative but equivalent way of obtaining the results (|12[) . To show this, 
we consider [32j 

V = q(Ao(0)-A (y)), (13) 
where the physical scalar potential is given by 

Ao(x°,x)=[ d\x i Ei (Ax) , (14) 
Jo 

with i = 1, 2, 3. This equation follows from the vector gauge-invariant field expression [33| 

A M (x) = (x) +dJ- f dz^A^ (z)) , (15) 



\ Jti / 

where, as in Eq.@, the line integral is along a spacelike path from the point £ to x, on a fixed slice time. It should be 
noted that the gauge- invariant variables (|15l) commute with the sole first constraint (Gauss law), confirming in this 
way that these fields are physical variables [34} . 

Having made these observations, we see that Gauss' law for the present theory (obtained from the Hamiltonian 
formulation above) leads to dill 1 ~ J°, where we have included the external current J° to represent the presence of 
two opposite charges. For J° (i,x) = qS^ 3 ' (x), the electric field then becomes 

^ [i +4(a W^ G(x) ' (16) 

where G (x) — j^j^ is the Green's function. Using this result, the physical scalar potential, Eq. (fl"4")) . takes the form 

- 4 °( X ^ [l + 4( a + 2 b )v 2 ] G W' < 17 > 
after substraction of self-energy terms. This, together with Eq. (fT3"]) . yields finally 

V-^i, (18, 

for a pair of point-like opposite charges q located at and L, with |L| = L. It must be clear from this discussion that 
a correct identification of physical degrees of freedom is a key feature for understanding the physics hidden in gauge 
theories. According to this viewpoint, once that identification is made, the computation of the potential is carried 
out by means of Gauss law [35:] and the effect of the external uniform magnetic field amounts to a (finite) redefinition 
of the electric field. 

Before concluding this Section, we should comment on our result. Had we considered the quartic terms as per- 
turbations of the Maxwell Lagrangian, a correction of the ^-type would appear in the potential. However, since we 
truncate our expression in the quantum fluctuations at the 2-nd order in the quantum fields, the Coulombian form of 
the potential is not affected; the correction is only a neat redefinition of the electric charge. We shall come back to 
this point at the end of the next Section. 



III. GENERALIZED BORN-INFELD THEORY 



We now pass to the calculation of the interaction energy between static pointlikc sources for generalized Born- Infold 
Electrodynamics in an external background magnetic field. In other words, we wish to explore the effects of including 
two parameters in the Born-Infeld theory on the nature of the potential. The corresponding theory is governed by 
the Lagrangian density [28| : 
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Now, in order to handle the square root in (|19p . we incorporate an auxiliary field £ such that its equation of motion 
gives back the original theory [25[. This allows us to write the Lagrangian density as 

C = f? {l - I (l + - ^ - 1} . (20) 

Notice that we are not truncating the action (fl~9|) . Actually, if we expand the Lagrangian density ([T9|) up to quadratic 
order in the small fluctuations, we reproduce the results of Section II, for the Euler-Heisenberg-type model given by 
dU), which may be generated from the expansion of ([T^| by keeping the terms F 2 V and (F^F^) 2 . The procedure 
of introducing the auxiliary field, £, is just because we wish to consider the full action (fl"9)l . Since the £-field is an 
auxiliary one, it can be readily eliminated by means of its (algebraic) field equation. In so doing, we get 

£ = i 1 1 (21) 

and using it we recover eq.flTj)|). 

Now, proceeding as before, after splitting F pv in the sum of a classical background (F^) and a small fluctuation 
ffj,u, we get the corresponding Lagrangian density up to quadratic terms in the fluctuations, namely, 

L = P 2 ~ ~ \u»r + ^^f^"f Xp - (22) 

where e^ va ^ (F a p) = v pv and e pXlS {F 1 $) = v pX . The Lagrangian density expressed by (|22|) describes the effective 
dynamics of the quantum a^-field. 

As stated previously, we are interested in the situation with v 0t ^ and v ij — (referred to as the magnetic one). 
This leads to the Lagrangian density 

£ = P 2 y£ - f W" + ^ i0 fiov j0 f j0 - ^- (23) 

The presence of £ in (|2U1) ensures that this Lagrangian is richer that the one given in , for £ accounts for higher- 
order terms in the fluctuations. Notice that we do not integrate over the £-field in (I23p (we could, for it is an auxiliary 
field); we keep it because we wish to explicitly see how it contributes to the constraints structure with respect to the 
Euler-Heisenberg-type model. 

It is once again straightforward to apply the gauge-invariant formalism discussed in the preceding section. For this 



purpose, we shall first carry out its Hamiltonian analysis. The canonical momenta read IP = £7^° + g^2t | ° M w 0fe /( 



TOk- 



The explicit presence of £ in this expression for IP ensures that the model we consider now has a different structure 
of constraints, if compared with the analysis reported in Section II, where we simply had II' 1 = (l + 4av 2 ) /' l0 + 
8bv 0fJ, v 0k /ofc. This means that the Gauss laws in both cases are different, so that we should expect a different behavior 
of the static potential we shall be attaining in what follows. 

As we can see, there are two primary constraints II = 0, and oj = ^ = 0. The canonical Hamiltonian corresponding 

to 423) is 



H C - J A jlWV + ± (n* + ffi) + | (B 3 + ffi) - ? - J^Dj] ■ (24) 

Requiring that the primary constraint n° be preserved in the course of time, one obtains the secondary constraint 
Fi (x) = diW = 0. Similarly, the consistency condition for the constraint uj yields no further constraints and just 
determines the £-field, 
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^^wwh^^-^o- <25) 

which will be used to eliminate £. Once more, the corresponding total (first-class) Hamiltonian that generates the 
time evolution of the dynamical variables is H — He + J d 2 x (uq (x) Uq (x) + u\ (x) Fi (#)), where uq (x) and u\ (x) 
are the Lagrange multiplier fields utilized to implement the constraints. As before, neither ao(x) nor Hq(x) are of 
interest in describing the system and may be discarded from the theory. As a result, the total Hamiltonian becomes 



H = J d 3 x jw (x) dj\ l + y/B 




P 2 , (26) 
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where w(x) = u\(x) — ao(x). 

Following the same steps as those of the preceding section, we impose now a supplementary condition on the vector 
potential such that the full set of constraints becomes second class. Therefore, we adopt again the same gauge-fixing 
condition ([7]) used in the last section. Correspondingly, the fundamental Dirac brackets are given by ©. 

We now have all the information required to compute the interaction energy between point-like sources for this 
theory, where a fermion is localized at and an antifermion at y. As before, we will calculate the expectation value 
of the energy operator H in the physical state |$). 

From the foregoing discussion, we first observe that 



w. = <*i / d3x { ^^^ 2 + jr^f) " p2 \ m ■ (27) 



Hence we see that the lowest-order modification in B concerning the interaction energy may be written as 



{H) * = J^j { * lld3X 



2 



-u 2 ~ —d + —)- 1 u 4 

2 7 2j 



|$). (28) 



Taking into account the above Hamiltonian structure, we observe that 

IIi(x)|W(y)*(0)) = *(y)tf(0)IIi(x)|0)-g f d Zi 5^ (z - x) |$> . (29) 

Jo 

Inserting this back into (|28[) . the lowest-order modification in B of the interaction energy takes the form 




q 2 



160tt 2 /3 2 (l + #7 7 2 ) Li 



(30) 



where |y| = L. 

It is interesting to note that this is exactly the profile obtained when the two parameters are identical (j3 = 7) 
[25| . Again, generalized Born-Infeld Electrodynamics has a rich structure, reflected in a long-range correction to 
the Coulomb potential, which is not present in the Euler-Heisenberg-like model. Also, the precise strength of the 
correction would, of course, depend on the external magnetic field. Our results also show that the external magnetic 
field cannot be arbitrarily large. Actually, B>7 would invalidate the description realized by the Born-Infeld action, 
for there would appear enough energy for the creation of e + e~-pairs. So, the limit for the attainment of the potential 
and the validity of Eq. (|30|) should rule out those situations for which B>7. 

Here, an interesting matter comes out. Since we have considered the quantization of the full theory, without 
expanding in powers of F^ v and no truncation was done, we get a potential richer than the one of the Euler- 
Heisenberg-like model. In the latter, the quartic terms in the fields do not modify the form of the potential, for only 
the terms in n^H; yield the Coulombian correction to V. li we had expanded and truncated the Born-Infeld action 
by keeping only the terms of order F^ v and then carried out the quantization, we would obtain the result of Section 2 
with the appropriate identifications of the constants. This is not however what we have done. Our procedure consisted 
in quantizing the full Born-Infeld action, so that the truncation after quantization is not expected to reproduce the 
same result that comes from truncating and then quantizing. 

More precisely, the Coulombian potential we have attained in Section II, from the Eulcr-Heiscnberg action, is valid in 
a regime we are bound to consider weak fields, for the action (jTJ) appears as a truncation of the full-fledged Born-Infeld 
action of Eq. (fT9|) in the low- intensity field approximation. On the other hand, if we keep the action ([19]) in its full non- 
polynomial form, and no truncation is performed, so that large fields can be included, the auxiliary £-field takes into 
account higher powers in the fields, as Eq. (|25j) indicates, and so our treatment applies also in the large-field limit. So, 
in (|28p. when we take the lowest-order correction in the classical magnetic field, fluctuations have been incorporated 
that the Euler-Heisenberg action does not include. Therefore, even if we consider the lowest-order modification in B 
for the interaction energy, Euler-Heisenberg and Born-Infeld differ, for the latter accounts for fluctuations that the 
former suppresses. This becomes actually manifest in the Hamiltonian (|26p . where the auxiliary £-field, as given by 
(|23|) . has been replaced and so endows (f2T)|) with effects that have been cut away from the Hamiltonian of Eq. ©. Our 
final statement is that the potential worked out in the case of Born-Infeld is richer than the Euler-Heisenberg's just 
because the £-field is kept with all powers of the electric and magnetic fields. Then, when we analyze the interaction 
energy in the lowest-order in the classical magnetic field, we implicitly take into account effects of fluctuations thrown 
away by the Euler-Heisenberg Lagrangian density. 
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IV. FINAL REMARKS 

To conclude, we should highlight the different behaviors of the potentials associated to each of the models. In 
the Euler-Heisenberg case, we are actually dealing with an effective model stemming from 1-loop corrections to the 
photon-photon scattering taken in the low- frequency limit. Since it is an effective model, the energies are below a cut- 
off and we are actually studying the low-energy regime of a more complete theory. In the Born-Infeld case, the action 
takes into account higher-order terms in the frequency, so that the potential of Eq. (|30[) incorporates contributions 
that, in the Euler-Heisenberg model, are truncated to keep only the _F 4 -terms. This justifies why the two potentials 
have so different L-dcpendences. 
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